Berwald geometries are Finsler geometries close to (pseudo)-Riemannian geometries. We find a simple first order partial differential equation as necessary and sufficient condition, which a given Finsler Lagrangian has to satisfy to be of Berwald type. Applied to (α, β)-Finsler spaces, respectively (A, B)-Finsler spacetimes, we discover a necessary and sufficient condition on the Levi-Civita covariant derivative of the geometry defining 1-form, which ensures that the Finslerian geometry in consideration is of Berwald type. The results generalize earlier findings by Tavakol and van den Bergh, as well as the Berwald conditions for Randers and Bogoslovsky/Kropina geometries.
I. INTRODUCTION
In Finsler geometry the geometry of a manifold is derived from a 1-homogeneous length measure for curves and its corresponding canonical Cartan non-linear connection on the tangent bundle, instead of from a metric and its Levi-Civita connection, as it is done in (pseudo)-Riemannian geometry. The first one who considers the possibility to derive the geometry of spacetime from a more general length measure than the metric one was Riemann himself [1] , but only Finsler started a systematic study of such manifolds [2] . Since then, Finsler geometry became an established field in mathematics, usually as generalization of Riemannian geometry, [3, 4] , and gained interest in its application to physics as generalization of pseudo-Riemannian (Lorentzian) geometry [5, 6] .
Berwald geometries are Finslerian geometries whose canonical Cartan non-linear connection on the tangent bundle is in one to one correspondence to an affine connection on the base manifold. In other words the Cartan non-linear connection is linear in its dependence on tangent directions. Berwald geometries can be regarded as Finsler geometries close to (pseudo)-Riemannian geometries.
In this article we present a necessary and sufficient condition, a first order partial differential equation, which classifies when and if a Finsler geometry is of Berwald type. After introducing the mathematical setup in section II, the general theorem will be presented in section III. We will apply it to (α, β)-Finsler spaces, resp. (A, B)-Finsler spacetimes in section IV, where we find a necessary and sufficient condition on the Levi-Civita covariant derivative of the geometry defining 1-form, which makes the geometry Berwald. In the end we conclude in section V.
The results presented here generalise the findings of Tavakol and Van Den Bergh [7] [8] [9] as well as conditions that where found in the context of (α, β)-Finsler spaces [10] [11] [12] , respectively (A, B)-Finsler spacetimes [13, 14] .
II. FINSLER GEOMETRY
We consider an n-dimensional smooth manifold M and its tangent bundle T M . The later is equipped with manifold induced coordinates, which means that an element X ∈ T M is labeled as X =ẋ a ∂ a | x = (x,ẋ), where x denotes local coordinates on M andẋ the coordinate basis components of the vector X ∈ T x M . The canonical local coordinate basis of the tangent spaces to the tangent bundle
The manifold in consideration obtains a Finslerian geometry by equipping it with a continuous Finsler Lagrangian L : T M → R, which has the following properties:
• L(x,ẋ) is positively homogeneous of degree two with respect toẋ, i.e.
• the L-metric, the Hessian of L with respect to the tangent space coordinates,
is non-degenerate and L is smooth on a conic subbundle A of T M , such that T M \ A is of measure zero. * christian.pfeifer@ut.ee
The Finsler function F , which defines the length measures for curves on M ,
is derived from L as F (x,ẋ) = |L(x,ẋ)|. We denote Finslerian geometries by the tuple (M, L). We do not specify the signature of the L-metric nor do we further specify the conic subbundle A 1 , since the result we present here holds for Finsler spaces with positive definite L-metric, for Finsler spacetimes with L-metric of Lorentzian signature and for any other choice of signature of the L-metric one may like to impose. The only necessary requirement is that the L-metric is invertible. To not always need to distinguish these cases, we use the term of a manifold equipped with a Finslerian geometry instead of a Finsler space or a Finsler spacetime.
The fundamental ingredient, which defines the Finslerian geometry of M , is the canonical Cartan non-linear connection, defined by the connection coefficients
It defines the Finsler geodesic equation, for arc length parametrized curves x(τ ) on M ,
in terms of the geodesic spray
as well as the horizontal derivative
This property of Finsler geometry is crucial for proof of the main theorem of this article. For general Finslerian geometries, the Cartan non-linear connection coefficients (3) are 1-homogeneous with respect toẋ.
Definition 1 A Finsler geometry (M, L) is called Berwald if and only if the Cartan non-linear connection coefficients are linear inẋ
This implies that the functions Ξ a bc (x) are connection coefficients of an affine connection on M . Equivalently one can define Berwald geometries by the demand that the geodesic spray (5) is quadratic inẋ.
The first condition that comes to mind to characterise Berwald geometries is∂ b∂c∂d G a =∂ b∂c N a d = 0, which in general is difficult to evaluate and analyse. In the next section we present a simpler, first order partial differential equation, which is necessary and sufficient for a Finsler Lagrangian to be of Berwald type.
III. THE BERWALD CONDITION
To formulate the Berwald condition we introduce some notation and make two observations. The notations are:
aẋb , where g is a (pseudo)-Riemannian metric on M with components g ab (x);
• Ω(x,ẋ), a 0-homogeneous function with respect toẋ on the tangent bundle;
•ẋ c = g ac (x)ẋ a , i.e. indices are raised and lowered with held of the metric g on M ;
•
are the Christoffel symbols of this metric;
• T a bc (x) are the components of a (1, 2)-tensor field T on M which is symmetric in its lower indices. For the sake of readability we will mostly suppress from now on the dependencies of the objects on the coordinates.
Observation 1 Every Finsler Lagrangian can trivially be written as
Observation 2 Every geodesic spray of a Berwald geometry can be written as
since G a must be constructed from arbitrary affine connection coefficients Ξ a bc on M and general connection coefficients can be expressed in terms of the Christoffel symbols of the Levi-Civita connection and a (1, 2)-tensor field.
On the subbundle A, (M, L) is of Berwald type if and only if there exists a (1, 2)-tensor field T on M , which is symmetric in its lower indices, such that Ω satisfies
The proof of the theorem uses ideas from Tavakol and van den Bergh [8] .
Proof of Theorem 1. The starting point for the proof is to realize that δ a L = 0 implies the equation
Assume L defines a Finslerian geometry of Berwald type. According to observation 2 and equation (5) The other way around, assume (10) holds. Solving for ∂ a Ω gives
Employing this in (11) yields
Realising that∂ b L = A∂ b Ω + 2ẋ b Ω and applying a∂ d derivative to the above equation results in
Multiplication withẋ a simplifies the expression to
since the second term in (14) becomes precisely the left hand side of (13) . This statement is true due to the symmetry in the lower indices of∂ d N b a , the 1-homogeneity of N a b with respect toẋ a and Euler's theorem for homogeneous functions 2 . Since we assumed the L-metric to be non-degenerate on A, equation (15) 
Proof of Corollary 1. The proof is obtained by simply inserting Ω = e 2σ and T a bc = 0 into (10).
IV. (α, β)-BERWALD FINSLER GEOMETRIES
We will now apply Theorem 1 to a special class of Finslerian geometries so called (α, This kind of Finslerian geometries constructed from simple building blocks have been considered in mathematics and physics. Famous examples are for example Randers geometry [15] and Bogoslovsky, Kropina, very special/general relativity (VGR) geometries [13, 16, 17] .
For Randers geometries, which are defined by the Finsler Lagrangian L = ( √ A + B) 2 , it is well known it is Berwald if and only if the 1-form β is covariantly constant with respect to the Levi-Civita connection of the metric g, ∇ a β b = 0. For Bogoslovsky, Kropina,V GR geometries of the type L = A n B 2(1−n) it is known that there must exist a function
holds, for L to be of Berwald type, see [13] . Using Theorem 1, we find a necessary and sufficient condition for general (A, B)-Finsler geometries to be Berwald, characterized by the Levi-Civita covariant derivative of the 1-form β.
A )A is of Berwald type if and only iḟ
where Ω ′ denotes the derivative of Ω with respect to its argument. A further∂ d derivative yields the equivalent condition
Proof of Corollary 2. Consider Ω = Ω(
A ). Employing the identities
in (10) yields the desired expressionẋ
which completes the proof.
To demonstrate the usage of the above findings we identify the Berwald conditions for three example geometries, two known ones and a new one:
• Randers geometry, Ω = 1 + • Bogoslovsky, Kropina, VGR geometries, Ω = 
Thus setting σ = −λ givesẋ
which is linear inẋ. It implies that a Finsler Lagrangian of the form L = A n B 2(1−n) is Berwald if and only if there is a 1-form β on M which satisfies the above equation for an arbitrary function λ = λ(x). This is basically a rederivation of the result already obtained in [13] .
• An exponential Finsler Lagrangian, Ω = e
A : For this case (18) becomeṡ
Again it is clear that the last term can never be linear inẋ for any choice of T 
V. CONCLUSION
In Theorem 1 we found a simple geometric partial differential equation, which classifies under which conditions a general given Finsler Lagrangian is of Berwald type. Equation (10) states that a Finsler Lagrangian written in the form L = Ω(x,ẋ)g(ẋ,ẋ) is of Berwald type if and only if the 0-homogeneous factor Ω has a specific behaviour under the tangent bundle lift of the Levi-Civita covariant derivative of the metric g. It needs not be covariantly constant with respect to this derivative, but the deviation of being covariantly constant must be sourced by a (1, 2)-tensor field on the base manifold M in a very specific way. With the discovery of Equation (10) we found a criterion which identifies Berwald Finsler spacetimes among Finslerian geometries in a simple way.
The application of this result to (α, β)-, resp., (A, B)-Finsler Lagrangians in Corollary 2 lead to a necessary and sufficient condition on the Levia-Civita covariant derivative of the 1-form β, which makes the geometry of Berwald type. We found a short algorithm which allows to verify if a given (A, B)-Finsler geomery can be of Berwald type or not.
Since Berwald geometries are Finsler geometries close to (pseudo)-Riemannian geometries, their identification is of great value for the application of Finsler geometry in physics, since theories of gravity based on Berwald geometry can be seen as theories which are close to general relativity [13, 18, 19] .
An interesting future research direction is to answer the question if the Berwald condition found here is related to the existence of a special frame basis of the tangent spaces of T x M , as it was found in [20] for the case of Bogoslovsky, Kropina, VGR Finsler Lagrangians.
